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Abstract. We prove that every transitive and non minimal semigroup with
dense minimal points is sensitive. When the system is almost open, we obtain
a generalization of this result.
1. Introduction.
The dynamical system that we will to consider is formally defined as a triplet
(S, X,Φ) wehere S is a topological semigroup and Φ : S ×X → X is a continuous
function with Φ(s1,Φ(s2, x)) = Φ(s1s2, x) for all s1, s2 ∈ S and for all x ∈ X and X
is a metric space. The map Φ is called an action of S on X . We will denote Φ(s, x)
by Φs(x).Devaney defines a function to be chaotic if it satisfies three conditions:
transitivity, having dense set of periodic points and sensitive dependence on initial
conditions. In [BBCDS] it was proved that the two first conditions imply the last
condition. This result was generalized in [AAK], changing density of periodic points
to density of minimal points. In [G] this result was generalized when S is a group,
in [KM] was generalized to C-semi groups and in [D] for a continuous semi-flow and
X a Polish space. The goal of this paper is to generalize the result in [KM], giving
a very simple prove. In [GRSS] it is possible find other results about sensitivity.
1.1. Basic definitions. Let (S, X,Φ) be a dynamical system. For any x ∈ X we
define the orbit of x as O(x) = {Φs(x) : s ∈ S}. A non-empty set Y ⊂ X , is
minimal if O(y) = Y for any y ∈ Y . A point x ∈ X is minimal if the set O(x) is a
compact and minimal set. We denote byM the set of minimal points. We say that
the dynamical system (S, X,Φ) is minimal if there exists a minimal point x ∈ X
such that O(x) = X .
The dynamical system (S, X,Φ) is point transitive (PT) if there exists x ∈ X
such that O(x) = X , it is topologically transitive (TT) if given two opene (= open
and nonempty) sets U, V ⊂ X there exists s ∈ S such that Φs(U) ∩ V 6= ∅ and it
is densely point transitive (DPT) if there exists a dense set Y ⊂ X of transitive
points. Denote by Trans(X) the set of transitive points. If X is a Polish space
(i.e. separable completely metrizable topological space) then TT implies DPT.
We say that a dynamical system (S, X,Φ) is sensitive if there exists ε > 0 such
that for all x ∈ X and for all δ > 0 there exists y ∈ B(x, δ) and s ∈ S such that
d(Φs(x),Φs(y)) > ε.
We will now state our main result:
Theorem 1.1. Assume that the dynamical system (S, X,Φ) is DPT, non-minimal
and M is a dense set. Then (S, X,Φ) is sensitive.
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We say that map Φs, s ∈ S, is almost open if int(Φs(U)) (int(W ) denote interior
of W) is nonempty whenever U is opene. The dynamical system (S, X,Φ) is almost
open if Φs is almost open for any s ∈ S. The almost open dynamical systems
include dynamical systems whose elements are open functions or homeomorphisms.
When X is a manifold and the elements of the system are C1 functions, the set of
critical points can be with non-empty interior. But in this case, an open set can
not be mapped at a point.
When the system is almost open we obtain a generalization of the Teorema 1.1.
Denote by M−1 = ∪s∈SΦ−1s (M).
Theorem 1.2. Assume that the dynamical system (S, X,Φ) is almost open, DPT
and non-minimal. If M−1 is dense then (S, X,Φ) is sensitive.
In section 3 we construct an example that shows that the above result does not
longer hold without the hypothesis that (S, X,Φ) is almost open.
2. Proof of Theorems 1.1 and 1.2.
For the proof of the main theorems we need the following lemma
Lemma 2.1. Let x be a minimal point and Ux a neighbourhood of x. Then there
exist s1, ..., sn0 ∈ S such that for all z ∈ O(x) there exists i ∈ {1, ..., n0} with
Φsi(z) ∈ Ux.
Proof. As x is a minimal point, given z ∈ O(x) there exist sz ∈ S such that
Φsz(z) ∈ Ux. By continuity of Φsz there exists a neighbourhood Vz of z such
that Φsz(Vz) ⊂ Ux. As O(x) ⊂ ∪z∈O(x)Vz, by the compactness of O(x), there
exist z1, ..., zn0 ∈ O(x) such that O(x) ⊂ Vz1 ∪ · · · ∪ Vzn0 . Then, the functions
Φsz1 , ...,Φszn0 satisfies the lemma. 
Proof of Theorem 1.1:
As the dynamical system (S, X,Φ) is non-minimal and M is dense there exists M1
andM2 minimal sets withM1∩M2 = ∅. Let 8δ = d(M1,M2). We will show that the
dynamical system (S, X,Φ) has sensitive dependence on initial conditions with sen-
sitivity constant δ. Let x ∈ X and Ux a neighbourhood of x with Ux ⊂ B(x, 2δ).
Note that d(x,M1) ≥ 4δ or d(x,M2) ≥ 4δ. Suppose that d(x,M1) ≥ 4δ. As
M is dense there exists y ∈ M ∩ Ux with B(y, δ) ⊂ B(x, 2δ). By Lemma 2.1
there exist Φs1 , ...,Φsn0 such that for all z ∈ O(y) there exists i ∈ {1, ..., n0} with
Φs
i
(z) ∈ B(y, δ).
Let W a neighbourhood of M1 such that
dist(Φs
i
(W ), B(x, 2δ)) ≥ δ for any i ∈ {1, ..., n0}.
As the dynamical system (S, X,Φ) is DPT then there exists a transitive point w
with w ∈ Ux. Then there exists Φs such that Φs(w) ∈ W . Let i ∈ {1, ..., n0} such
that Φs
i
Φs(y) ∈ B(y, δ) ⊂ B(x, 2δ). As Φs
i
Φs(w) ∈ Φi(W ) and dist(Φs
i
(W ), B(x, 2δ)) ≥
δ, then d(Φs
i
Φs(y),Φs
i
Φs(w)) ≥ δ. 
If X is a Polish space and TT then the system is DPT. Therefore when X is a
Polish, Theorem 1.1 generalize the main result given in [KM].
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The Lemma 2.2 (prove below) shows that PT and M dense implies TT, so we
obtain the following corollary
Corollary 1. Assume that the dynamical system (S, X,Φ) is PT and non-minimal
with X a Polish space. If M is dense then (S, X,Φ) is sensitive.
Lemma 2.2. Assume (S, X,Φ) PT and M dense. Then (S, X,Φ) is TT.
Proof. Let U an V opene sets and z ∈ X such that O(z) = X . Then there exist
Φs,Φs1 and Wz a neighbourhood of z such that Φs(Wz) ⊂ U and Φs1(Wz) ⊂ V .
As M is dense there exists y ∈ M∩Wz . Then Φs(y) ∈ U and Φs1(y) ∈ V . As y is
a minimal point then there exists Φs2 such that Φs2Φs(y) is close enough to Φs1(y)
so that Φs2Φs(y) ∈ V . Then Φs2(U) ∩ V 6= ∅. 
2.1. Proof of Theorem 1.2. Note that M is a disjoint union of minimal sets.
The proof will be divided into two cases.
Case (a): M is a minimal set M . Let x0 ∈ X \M be and 4δ = d(x0,M). We
will show that the dynamical system (S, X,Φ) has sensitive dependence on initial
conditions with sensitivity constant δ.
Let x ∈ X and U be an open set with x ∈ U . As M−1 is dense there exists
y ∈ U and Φs such that Φs(y) ∈ M . Let Wy be a neighborhood of y, Wy ⊂ U ,
such that d(x0,Φs(Wy)) ≥ 3δ.
Since the dynamical system (S, X,Φ) is almost open, there exists a open set
V ⊂ Φs(Wy). As the system is DPT there exists w ∈ V ∩ Trans(X). Note that
w = Φs(z) for some z ∈ Wy ⊂ U . Since w ∈ Trans(X) there exist Φs1 such that
Φs1(w) = Φs1Φs(z) ∈ B(x0, δ). As Φs1Φs(y) ∈M , then we have that y, z ∈ U and
d(Φs1Φs(y),Φs1Φs(z)) ≥ δ.
Case (b): There exist M1,M2 minimal sets included in M with M1 6= M2. Let
8δ = d(M1,M2), x ∈ X and U be an open set with x ∈ U . As M−1 is dense
there exist y ∈ U , Φs and a minimal set M such that Φs(y) ∈ M . Note that
d(Φs(y),M1) ≥ 4δ or d(Φs(y),M2) ≥ 4δ. Suppose that d(Φs(y),M1) ≥ 4δ.
Given B(Φs(y), δ), by Lemma 2.1 there exist Φs1 , ...,Φsn0 such that for all
z ∈ O(Φs(y)) there exists i ∈ {1, ..., n0} with Φsi(z) ∈ B(Φs(y), δ). Let W a
neighbourhood of M1 such that
dist(Φsi(W ), B(Φs(y), δ)) ≥ 2δ for any i ∈ {1, ..., n0}.
Let Wy be a neighborhood of y, Wy ⊂ U , such that Φs(Wy)) ⊂ B(Φs(y), δ).
Since the dynamical system (S, X,Φ) is almost open, there exists an opene set
V ⊂ Φs(Wy). As the dynamical system is DPT, there exists w ∈ V ∩ Trans(X).
Note that w = Φs(z) for some z ∈ Wy ⊂ U . Since w ∈ Trans(X) there exist Φr
such that Φr(w) = ΦrΦs(z) ∈ W . Let i ∈ {1, ..., n0} be such that ΦsiΦrΦs(y) ∈
B(Φs(y), δ). As ΦsiΦrΦs(z) ∈ Φsi(W ) and dist(Φsi(W ), B(Φs(y), δ)) ≥ 2δ, then
d(ΦsiΦrΦs(z),ΦsiΦrΦs(y)) ≥ δ and we are done.
3. Example .
Let f1, f2, f3 : [0, 1]→ [0, 1] be as in Figure 1 and S the free semigroup generated
by three elements a, b and c. We consider the action Φ generated by Φa = f1,
Φb = f2 and Φc = f3. Given s ∈ S, let As = {x ∈ (0, 1) : there exists Φ
′
s(x)}.
Note that Acs
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Figure 1.
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As f3|[0, 1
8
] = f
−1
2 then f3 ◦ f2 = f2 ◦ f3 = Id in [0,
1
8 ]. Since f
′
i |( 1
4
,1) < 1, for all
i = 1, 2, 3. It is not hard to prove that, for any s ∈ S and x ∈ As∩ (
1
2 , 1), Φ
′
s(x) < 1
(see [IP] ) . Let I ⊂ (12 , 1) be an interval and s ∈ S. As A
c
s is a finite set then
|Φs(I)| =
∫
I∩As
Φ
′
s(x)dx.
So, we conclude that |Φs(I)| ≤ |I|. Therefore the dynamical system (S, X,Φ) is
not sensitive.
Now we will prove that for all x ∈ (0, 1], O(x) = [0, 1].
Let x ∈ (0, 1] be and suppose that O(x) 6= [0, 1]. Let I be a connected component
of [0, 1] \O(x) with maximum length. It it easy to prove that f−13 (I) or f
−1
2 (I) or
(fifj)
−1(I) with i, j ∈ {2, 3} has greater length than I, which is a contradiction.
Therefore O(x) = [0, 1].
As M = {0} and f−11 (0) = [0, 1] = X , thereforeM
−1 is dense. So (S, X,Φ) is TT,
non-minimal, M−1 dense and non-sensitive.
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